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ABSTRACT
The effects of anisotropy upon elastic wave propagation along a fluid-filled cylindrical
borehole are determined. The wave equation is solved in the frequency-wavenumber
domain with a variational method, and the solution yields the phase velocities, group
velocities, pressures, and displacements for the normal modes. These properties are
studied for two cases: a transversely isotropic model for which the borehole has several
different orientations with respect to the symmetry axis and an orthorhombic model
for which the borehole is parallel to the intersection of two symmetry planes. The
normal modes for these two cases show several significant effects which do not exist
when the solid is isotropic or transversely isotropic with its symmetry axis parallel to
the borehole:
1. The phase velocities for the quasi-pseudo-Rayleigh, both quasi-flexural, and both
quasi-screw waves do not exceed the phase velocity of the slowest qS-wave. (The
phase velocities of the leaky modes, which were not investigated, will exceed this
threshold. )
2. The two quasi-flexural waves have different phase and group velocities; the dif-
ferences are greatest at low frequencies and diminish as the frequency increases.
The two quasi-screw waves behave similarly.
3. The greater the difference between the phase velocities of the qS-waves, the
greater the difference between the phase velocities of the quasi-flexural waves at
all frequencies. The two quasi-screw waves behave similarly.
4. Near the limiting qS-wave velocity, the difference between the phase velocities of
the two quasi-flexural waves is greater than that for the two quasi-screw waves.
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5. For the slow quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the slow qS-wave.
6. For the fast quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave.
7. For the slow quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 45° with respect to the polarizations
of both qS-waves.
8. For the fast quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of both qS-
waves.
(
(In this list, the qS-waves are those plane waves whose wavenumber vectors are parallel
to the borehole.) Despite these significant effects, the general characteristics of the
phase and group velocities, pressures, and displacements are similar (but not identical)
to those that would exist if the solid were isotropic or transversely isotropic with its
symmetry axis parallel to the borehole. This result is expected because the models are
only slightly anisotropic.
INTRODUCTION
Because many geophysicists believe that the crust of the Earth is slightly anisotropic,
several research groups have studied how it affects the waves generated during acoustic
logging. Tongtaow (1980), White and Tongtaow (1981), Tongtaow (1982), Chan and
Tsang (1983), and Schmitt (1989) focused on the special case of transverse isotropy
with the symmetry axis aligned with the borehole. White and Tongtaow studied
the waves generated by monopole and dipole sources and determined what affects
the velocities and amplitudes of the refracted and guided waves. Chan and Tsang
examined the amplitudes and velocities of the refracted waves in concentrically-layered,
transversely isotropic formations. Schmitt studied the velocity dispersion curves, the
attenuation curves, and the frequency-dependent sensitivities for the normal modes
when the formation is transversely isotropic and permeable. Recently, some researchers
have focused on transverse isotropy when the symmetry axis is perpendicular to the
borehole. Leveille and Seriff (1989) determined the partide motion of the tube wave
at the zero frequency limit, and they studied the horizontal displacement on the inner
wall of a finite length, cylindrical shell which has been excited by a horizontal point
(
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force. Nicoletis et al. (1990) determined the phase velocity and particle displacements
of a tube wave at the zero frequency limit.
No complete investigation has been performed for wave propagation in a borehole
when the formation is transversely isotropic and the symmetry axis is not aligned with
the borehole or when the formation has more general anisotropy. Consequently this
paper is devoted to solving the wave equation and to studying the behavior of the
normal modes for these complicated cases. The solution is derived in the frequency-
wavenumber domain and is based upon a variational method which uses a combination
of analytical expressions and finite elements. Although investigators in other disciplines
have used a similar approach to solve the wave equation in anisotropic media (Nelson et
aI., 1971; Nelson, 1973; Huang and Dong, 1984; and Kausel, 1984), the solution for this
problem is significantly more complicated for two reasons: (1) the wave equation must
be solved for a cylindrical geometry when the anisotropy of the formation is defined
in the Cartesian coordinate system, and (2) a fluid is present. With this solution,
phase velocities, group velocities, and displacements are analyzed to determine how
the anisotropy affects the normal modes.
Although only one problem is studied in this paper, the variational method devel-
oped here can be readily adapted to study many problems. The mesh can be altered
to model a borehole with a highly irregular cross section which might be caused, for
example, by a breakout (see e.g., Zoback et aI., 1985). Additional fluid and solid
layers can be added to model a cased borehole, a borehole with a tool in the center,
and even a borehole with a tool which is not in the center. Wave propagation in an
infinite rod which is heterogeneous and anisotropic and which has an irregular cross
section (a topic which is important to the engineering community; Redwood, 1960;
Miklowitz, 1978; Thurston, 1978) can be studied easily. Because these problems can
be solved with minor modifications of the method developed here, this paper should
be interesting to a wide audience.
METHOD
This section is devoted to developing a solution to the wave equation for the situation
which exists during acoustic logging. First a mathematical model of the borehole envi-
ronment is developed; then a variational equation which describes wave propagation in
the borehole is formulated; and finally the variational equation is solved with the finite
element method. Since many variables are needed in this section, they are listed in
Tables 1 and 2 for easy reference. All tensors are expressed with abbreviated subscript
notation.
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The model for the borehole environment consists of a perfectly elastic fluid in a cylin-
drical borehole through a perfectly elastic, homogeneous solid (Figure 1). The fluid
and solid extend to infinity along the axis of the borehole, and the solid extends to
infinity away from the borehole. The z axis of the coordinate system is in the center
of the borehole, and the borehole radius is R.
The usual approach to solving related problems in wave propagation involves devel-
oping the solution to the wave equation in each layer and then matching the continuity
conditions at the interfaces between the layers (see e.g., Kennett, 1983, Chapter 2).
Using this approach for the borehole model would require solving the wave equation
in cylindrical coordinates for the solid whose anisotropy is defined in Cartesian co-
ordinates (e.g., transverse isotropy with any orientation of the symmetry axis and
orthorhombic anisotropy). Using the separation of variables technique, the propaga-
tion in the z direction may be described by exp(ikzz) where kz is the wavenumber in
the z direction. However, the anisotropy prevents the solution from being separable
in rand O. To overcome this problem of inseparability, a variational method can be
used.
The variational method is based upon Hamilton's Principle. This principle is for-
mulated with the Lagrangian energy which is defined as the kinetic energy of a system
minus the potential energy of a system. In wave propagation problems, these energy
terms are usually formulated with displacements (see e.g., Lysmer, 1970; Lysmer and
Drake, 1972; Kausel and Roesset, 1981); however, when a fluid is present, the finite
element solution to the variational equation works better when the energy terms for
the fluid are formulated with a velocity potential, 4>:
\74>= -it (1)
where it is the particle velocity (Everstine, 1981; Olsen and Bathe, 1985a). For this
reason, the variational equation will be developed with three parts: one that pertains
only to the fluid and is formulated with the velocity potential, another that pertains
only to the solid and is formulated with displacements, and a third that involves the
coupling at the fluid-solid interface.
For the fluid, the kinetic energy density is PI itTit/2 where PI is the fluid density.
Using Eq. (1), the kinetic energy is
where Vi is the fluid volume. The potential energy density of the fluid is Al 0 2 /2 where
Al is the incompressibility and 0 is the dilatation (Bullen, 1963, p. 26). To expresses
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this energy density in terms of 1>, several algebraic substitutions must be made. The
dilatation is defined as
0=\7·u
(Bullen, 1963, p. 17) and using Eq. (1) its temporal derivative is
Using the wave equation for the fluid,
(3)
(4)
where AdPI is the square of the velocity (Lamb, 1879, section 287), the dilatation is
expressed in terms of the potential:
Therefore, the potential energy of the fluid is
(7)
For the solid, the kinetic energy is derived by integrating the kinetic energy density
over the volume of the solid:
r dV 1 . T· (8)lv, 2P2U u
where P2 is the density of the solid and V2 is the volume. The potential energy IS
derived similarly:
r dV~ETCE (9)lv, 2
where E is the strain and C is the stiffness matrix.
The coupling at the fluid-solid interface is expressed in the variational equation in
terms of work. The pressure at the interface,
P = -A10 ,
(Bullen, 1963, p. 23) is expressed in terms of the potential using Eq. (6):
P=PI1> .
(10)
(11)
The traction exerted on the fluid by the solid equals the negative of the pressure
times the normal, n, which points into the solid: -PI4m. The force on the fluid with
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an infinitesimal area, dS, equals the traction times dS. The work on the fluid is the
surface integral of the inner product of the force and the displacement:
(12)
where E is the surface and UN has replaced n· u. The work on the solid at the interface
is the negative of the work on the fluid:
(13)
The Lagrangian energy for the entire model is formed from the energy terms for
the fluid, solid, and fluid-solid interface:
L = (14)
Notice that the net energy at the interface is zero. Hamilton's Principle states that
the' time integral of the Lagrangian energy is stationary for perturbations in the con-
figuration of the system which satisfy the boundary conditions and which are specified
at the initial and final times:
1'20=8 dtL
"
(15)
(see e.g., Lanczos, 1970, p. 111-114; Goldstein, 1980, p. 35-37). The initial and final
times, tl and t2, are arbitrary. To find the variational equation which describes wave
propagation, substitute Eq. (14) into Eq. (15) and integrate by parts:
Note that 8E refers to perturbations in displacement. By convention, the perturbations
in the configuration of the system (i.e., the potentials and the displacements) at it and
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t2 are zero: o1>(t,) = 01>(t2) = 0 and ou(t,) = OU(t2) = O. With these simplifications,
the final equation, which is called the variational equation, is
o = f" dt( r dVPlc'Vo1>f'V1> + r dV~i 01>1>-itt JV1 JV1 Al
r dVP2 0uTii - r dVoETCE+JV2 JV2
kdSPlo1>UN +kdSOUNPl¢)
(17)
The labels, "fluid" and "solid", have been dropped from the surface integrals because
distinguishing between the work done on the fluid and the solid is not needed hence-
forth.
Solution
Discretization with Finite Elements
To solve the variational equation, expressions for the velocity potential, displacement,
and strain must be developed. Because the wave equation is separable in z, propagation
in this direction is described with exp (,kzz). The wave equation is not separable in r
and e, and the finite element method is used to describe the velocity potentials and
displacements in this plane. The horizontal plane is divided into small regions called
elements, and the elements collectively form what is called the mesh (Figure 2). As a
result of this discretization, the variational equation includes sums over the volumes
of all elements and the surfaces between the elements at the fluid-solid interface:
o =
where M, N, and Q are the numbers of fluid, solid, and interface elements, respectively,
and m, n, and q are the associated indices. To solve this equation, expressions for the
velocity potential, displacements, and strains must be developed for the finite elements.
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Expressions for Velocity Potentioal, Displacement, and Strain
For a fluid element (Figure 3), the potentials are assigned at nine preselected points
which are called nodes. (The potentials at these nodes are actually unknown at this
stage and are calculated later.) The potential at a point within the element is calculated
by interpolation. The interpolating functions for this wave propagation problem were
chosen to be quadratic polynomials in x and y (Bathe, 1982, p. 200) because this
order polynomial can approximate a reasonably complicated function without too much
algebra. The potential at (x,y) within element m is a linear combination of the nine
interpolating functions for the nine nodes:
(
(19)
where h(m)(x,y) is a row vector whose nine elements are the interpolation functions:
and q;(m)(k" t) is a column vector with the nodal potentials:.
ep\m)(k" t)
ep~m)(k"t)
Note that Cartesian coordinates are used because the finite element method is actually
easier to implement with them than with circular cylindrical coordinates. The fluid
elements in the center of the mesh have six nodes (Figure 4), and the interpolating
functions are also quadratic (Bathe, 1982, p. 230). The potential within this type
of element is expressed with an equation like Eq. (19) except that h(m)(x, y) and
q;(m)(k" t) only have six entries.
For a solid element, the three components of displacements are assigned at the nine
nodes. The displacements at (x, y) within element n are
(20)
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where H(n)(x, y) is 3 X 27 matrix:
.5.5
o
o
o
o
o
o
o
o
T
and u<n)(k., t) is a column vector with 27 elements:
UJ;)(kz,t)
U~~)(k.,t)
UJ~lck., t)
U~;) (k., t)
The expression for the displacements in the outermost elements is slightly different.
Because their outer edges are located at infinite radius where the displacements are
zero, nodes 1, 2, and 5 are not needed. Consequently U(k., t) has 18 elements, and
H(x,y) is now a 3 X 18 matrix.
The strain at (x, y) within a solid element with nine nodes is
Along the fluid-solid interface, special elements are used (Figure 5). Locations
within an element are specified by the distance along the interface, I. The potential at
I in element q is
(
(22)
h}q)(l) is a row vector,
whose elements are interpolating functions developed from quadratic polynomials in I
(Bathe, 1982, p. 199): q;(q)(kz, t) is a column vector whose elements are the potentials
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at the three nodes:
The normal displacement at 1 in element q is
.57
(23)
where U(q)(k., t) is a column vector whose elements are the components of the dis-
placements at the three nodes:
U(q)(k., t) =
uI;,l(k., t)
UJ;,l(k., t)
UJ:)(k., t)
U~~)(k., t)
UJ~\k., t)
U(q)(k t)3y z,
The normal on the interface for node i is (cos Oi, sin Oil where 0i is the angle that the
normal makes with a line paraJlel to the x axis. H}q)(l) is a row vector consisting of
the interpolation functions and the appropriate components of the normal:
h}il(I) cos 01
hW(I) cos O2
h}Y(I) cos 03
h}il(l) sin 01
h}~\ I) sin O2
h}~(I) sin 03
T
Note that U(q)(k., t) does not contain any components of the displacements in the z
direction because the normal to L; is always perpendicular to the z direction.
Integrals in the Discretized Vairational Equation
To show how the integrals in the discretized variational equation are derived, the
integral associated with the potential energy of the fluid will be derived in detail.
Because the derivations for the other integrals are nearly identical, only the final results
are presented.
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The derivation of the integral associated with the potential energy of the entire fluid
begins by computing the related integral for a fluid element. Eq. (19) is substituted
into this integral:
where tbe integrals over x and y only pertain to the domain of the element. The order
in which the integrations are performed is changed:
To perform the integration over x and y, coordinates within the elements are calculated
using the same interpolation functions which are used to calculate the potential. The
result which is obtained with Gauss-Legendre quadrature (Bathe, 1982, p. 277-278) is
a real, symmetric matrix:
(26)
The integral over z yields the Dirac delta function: 27fc(kz + k~) (Mathews and
Walker, 1970, p. 102). The integral over k~ is performed, and using the property
that ep(m)( -k., t) = ep(m)*(k., t) (Lathi, 1965, p. 111) the result is
(m)2 00~ dv(m)~c.l.tm)l(m)=...!:...j dk ceptm)H(k t)M(m)~(m)(k t) (27)(m) (m) 'f' 'f' 2 z z, F Z,VI Al iT -00 _
The vectors, ep(m)(k., t), and matrices, M).-m), for all elements are combined to form
one vector, ep(k., t) and one matrix, MF, for the entire model (Bathe, 1982, p. 124-125,
702-706). The final expression for the integral associated with the potential energy is
M ~ (m)2 1 JOO
'\' dv(m)~c.l.tm)ltm)= _ dk cepH(k t)MF~(k t). (28)L-t (m) (m) 'f' 'f' 2iT _ z z, z,
m=l ~ A} 00
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The integral associated with the kinetic energy of the fluid is calculated in a similar
manner using Eq. (19):
(29)
where
K~';) = JdxJdYPl [h~)T(x,Y)h~:)(x,y) + h~:)T(x,Y)h~:)(x,y)] (30)
K~';) Jdx Jdyp,h(m)T(x,y)h(m)(x,y)
Matrices KOF and K 2F are real and symmetric.
The integral associated with the potential energy of the solid is calculated with
Eq. (21):
N2:: r dv(n),5E(n)T C(n)E(n) = (31)Jv.(n)
n=l 2
2
1
rr 1: dkzoUH (k" t) (Kos + ,kzK,S + k;K2s) U(k" t)
where
K (n) _2S -
Jdx JdyB~n)T(x,y)c(n)BI:'>rx,y)
= Jdx Jdy [B~n)T(x,y)c(n)B\n)(x,y)_
B\n)T(x,y)c(n)B~n>rx,y)]Jdx JdyB\n)T(x,y)c(n)B\n)(x,y) .
(32)
Matrices Kos and K 2s are real and symmetric; Matrix K,s is real and antisymmet-
ric. For the outermost elements which extend to infinity in the radial direction, the
integration over x and y is performed using the coordinate interpolation scheme given
by Olsen and Bathe (1985b).
The integral associated with the kinetic energy of a solid element is calculated with
Eq. (20):
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(34)
Matrix Ms is real and symmetric. Again, the coordinate interpolation scheme by Olsen
and Bathe (Olsen, 1985b) is used for the integration over x and y for the outermost
elements.
The integral associated with the work done on the fluid at the fluid-solid interface
is computed with Eqs. (22) and (23):
where
(36)
Matrix F is real.
The integral associated with the work done on the solid at the fluid-solid interface
is computed also with Eqs. (22) and (23):
Wave Equation
The solution to the variational equation is obtained by substituting Eqs. (28), (29),
(31), (33), (35), and (37) into Eq. (18), and the resulting equation is
1"1100 [( ) ... ] (38)0= - dkzoyH A o + kzAI +k;A2 V +DIV +D 2V
tl 27(" -00
where
y
=
( CI>(kz,t) )
U(kz, t)
V = ( CI>(k"t) )
-U(k"t)
Ao (KOF 0)= o Kos
Al = (~ zI~IS) (39)
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A 2 (K 2F 0 )= o K 2s
D , = ( :T --:)
D2 (MF 0)= o Ms
For arbitrary perturbations, "Y, the integral will be zero when
(40)
and this equation is called the wave equation. In the frequency-wavenumber domain
the wave equation is
where
v =
A~ =
(41)
(42)
Matrices A~ and A, are Hermitian, and A 2 is real and symmetric.
Eq. (41) is a quadratic eigenvalue problem - the eigenvalue is k" and the eigenvec-
tor is V. The eigenvalues and eigenvectors are calculated using an algorithm developed
by Chen and Taylor (1988), which has been modified for complex, Hermitian matrices.
Each eigenvalue-eigenvector pair applies to one normal mode. The phase velocity, v,
of the mode is calculated with v = wjk z • The pressures in the fluid elements are calcu-
lated with Eqs. (11) and (19). The displacements in the solid elements are calculated
with Eq. (20).
After the wave equation is solved, the group velocity can be readily calculated
using only matrix multiplication. To derive the formula, Eq. (41) is differentiated with
respect to kz and multiplied on the left by VH. The equation is then solved for 8wj8k"
the group velocity:
(43)
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(
{
(44)
The eigenvalue problem actually has four related solutions. The obvious solution for
a normal mode may be represented by the combination: w, k" V. The solution for
another mode propagating in the same direction is the combination: -w, -kz , V·,
and this result may be verified by manipulating Eq~ (41). The solu_tions for the modes
propagating in the opposite direction are w, -kz , Y and -w, kz , Y* where
y _ ( <l>(k"w) )
- U(k" omega)
These multiple solutions indicate that the phase velocities of the modes propagating
in opposite directions along the borehole are equal, even if the solid has completely
general anisotropy. Although this fact is surprising, plane waves demonstrate similar
behavior: the phase velocities of two plane waves propagating in opposite directions in
an anisotropic medium are always equal. (This property can be readily proven using
the Christoffel equation (see e.g., Auld, 1973, p. 210-211).)
Two features ofthe variation equation make it amenable to a finite element solution.
First, because the motion in the fluid is described in terms of a velocity potential
instead of displacements, spurious modes do not develop (Wiggins, 1976; Hamdi and
Ousset, 1978; Everstine, 1981; Buland and Gilbert, 1984; Olsen and Bathe, 1985a).
This potential-based method has the added advantage that it needs far fewer equations
than the displacement-based method. Second, the variational equation is formulated in
terms of first spatial derivatives and not the second spatial derivatives which are in the
wave equation (see e.g., Aki and Richards, 1980, p. 19). Consequently the potential
and displacements calculated with this variational method approximate well the exact
values of these quantities, a point which will be demonstrated later. For the strains
and stresses, which involve first derivatives, the match between values obtained with
the variational method and the exact values is not as good (see Carrier and Pearson,
1976, p. 175).
The combined use of analytical and numerical expressions for the velocity potential
and displacement has two very important advantages. First, because the pressures and
displacements for the modes are expressed in the frequency-wavenumber domain using
exp [, (kzz - wi)], some properties of their behavior such as velocity dispersion can
be easily studied. Second, using exp('kzz) to simulate wave propagation in the z
direction greatly reduces the size of the problem. If this analytical expression were not
used, then a three-dimensional mesh would have to be established. Since the memory
requirements for the two-dimensional mesh are quite large, the memory requirements
for the three-dimensional mesh would be enormous. Concomitantly the number of
computations would increase greatly. These two factors suggest that trying to solve
the variational equation using a three-dimensional mesh might exceed the capabilities
of current computers.
(
(
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An important issue in the finite element method is designing the mesh. The
mesh must have enough elements in the right locations to allow reasonably accurate
wavenumbers, pressures, and displacements to be calculated. At the same time, the
mesh must have as few elements as possible to minimize the amount of computation
and memory needed to solve the wave equation. The selected mesh (Figure 2) satisfied
these two criteria for the tube, pseudo-Rayleigh, flexural, and screw waves, which are
the normal modes commonly encountered in acoustic logging. The mesh is very dense
in the radial direction near the borehole wall because the pressures and displacements
for the modes change rapidly here. The density is only high enough for the lower
order radial modes; the higher order radial modes have even more rapid changes and
would require more elements. Because the pressures and displacements change slowly
away from the borehole wall, the mesh density is lower there. As the radial distance
increases (beyond the borehole wall) the displacements for normal modes diminish and
eventually go to zero at infinity. The outermost elements (Figure 2) model this behav-
ior well; however, these elements cannot model the leaky modes which have oscillatory
displacements. The mesh density in the azimuthal direction is just high enough to
obtain accurate results for the tube and pseudo-Rayleigh waves which do not change
with azimuth, for the flexural wave which changes according to cos 8, and for the screw
wave which changes according to cos 28. Obtaining good results for a mode with a
higher azimuthal order number would require more elements.
This variational method has been extensively tested, and the results are very ac-
curate. Consider a model with an isotropic, fast formation (Table 3) and another with
an isotropic, slow formation (Table 4) because exact solutions for the phase and group
velocities, pressures, and displacements exist. The phase and group velocities calcu-
lated with the variational method are almost always within 0.1% of their exact values
(Figures 6, 7, 8, and 9). Similarly the pressures and displacements calculated with
the variational method match the exact solutions (Figures 10, 11, 12, and 13).
RESULTS
Although the behavior of the modes could be studied for many types of anisotropy,
only those types which are prevalent in the Earth should be considered. Field data,
laboratory data, and mathematical modeling indicate that two types are important.
Transverse isotropy is a good model for (1) sedimentary rocks like shales which contain
aligned clay minerals (Thomsen, 1986; Winterstein, 1986), (2) formations which con-
sist of many beds that are thin relative to the wavelength of an elastic wave (Backus,
1962; White, 1955), and (3) rocks with aligned microfractures (Crampin, 1984). Or-
thorhombic anisotropy is a good model for some igneous and metamorphic rocks whose
microcracks and minerals are aligned (Thill et aI., 1973).
Different orientations of the borehole with respect to the anisotropy can model
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different situations. For example, when the symmetry axis of a transversely isotropic
medium is parallel to the borehole, acoustic logging in many sedimentary rocks is
adequately modeled. When the symmetry axis is slightly tilted, a vertical borehole
through a tilted, transversely isotropic formation or a deviated borehole through a
horizontal, transversely isotropic formation is modeled. And when the symmetry axis
is perpendicular to the borehole, a formation with aligned microcracks is modeled.
In this section, normal mode propagations in transversely isotropic and orthorhom-
bic models are studied with the variational method. The accuracy of the phase veloci-
ties is checked using a perturbation method. Using the formula, Ua = v [1 _ ~:]-',
(where v is the phase velocity computed with the perturbation method) the accuracy
of the group velocities is checked.
Transversely Isotropic Models
Because the behavior of the normal modes in the transversely isotropic models is
closely related to planar q5-wave propagation, these waves will be discussed first.
The properties of the solid are listed in Table 5. The waves propagating parallel to
the symmetry axis have the same phase velocity, 2.97 km/s (Figure 14a). Although
the polarizations for this particular propagation direction are often decomposed into
the orientations shown in Figure 14b, the orientations are actually arbitrary. The
waves propagating at an angle with respect to the symmetry axis have different phase
velocities and different polarizations with unique orientations. For example, when the
propagation direction is 20° with respect to the symmetry axis, the phase velocities
are 2.99 km/s and 3.03 km/s. The polarization of the slower wave is perpendicular
to the a-b plane, and that for the faster wave is in this plane. When the propagation
direction is 90° with respect to the symmetry axis, the phase velocities are 2.97 km/s
and 3.17 km/s. The polarization of the faster wave is perpendicular to the a-b plane,
and that for the slower wave is in this plane.
First, normal modes were computed when the symmetry axis was parallel to the
borehole. The properties of the borehole model are listed in Table 5. The shapes of
the phase and group velocity curves (Figures 15 and 16) are like those for an isotropic
model. The phase velocities do not exceed 2.97 km/s which equals the phase velocities
of the two S waves propagating parallel to the symmetry axis (Figure 14). The charac-
teristics of the displacements and pressures are identical to those for an isotropic model
and consequently are not plotted. The orientations of the two flexural waves and two
screw waves are arbitrary just as the polarizations of the two S waves propagating
parallel to the symmetry axis are arbitrary.
When the symmetry axis is tilted 20° and 90° with respect to the borehole, small
(
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but significant changes occur in the phase and group velocities. (The modes are labeled
with the same name used for isotropic models except that the prefix, quasi or q, is
attached.) The general shapes of the dispersion curves are the same as those when the
symmetry axis is aligned with the borehole (Figures 17, 18, 19, 20, 21, 22, 23, and
24). When the symmetry axis is tilted 20°, the phase velocities of the normal modes
never exceed 2.99 km/s, the phase velocity of the slowest qS-wave whose wavenumber
vector is parallel to the borehole. An analogous result applies when the symmetry axis
is tilted 90°. In both cases, the quasi-flexural and quasi-screw waves have different
phase and group velocities (Figures 25, 26, 27, 28); the differences are large at
low frequencies but small at high frequencies. Near the limiting qS-wave velocity, the
difference between the phase velocities for the quasi-flexural waves is greater than the
difference between the phase velocities for the quasi-screw waves.
The most obvious effect of the anisotropy is the alignment of the quasi-flexural and
quasi-screw waves. (Because the general characteristics of the displacements for the
20° and 90° models are similar, only the displacements for the 20° model are plotted.)
For the slow quasi-flexural wave, the particle displacements in the plane perpendicular
to the borehole, when viewed together, are aligned with the polarization of the slow
qS-wave whose wavenumber vector is parallel to the borehole (Figure 29). For the
fast quasi-flexural wave, the particle displacements in the plane perpendicular to the
borehole, when viewed together, are aligned with the polarization of the fast qS-wave
(Figure 30). For the slow quasi-screw wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 45° with respect to the polarizations of the
slow and fast qS-waves (Figure 31). For the fast quasi-screw wave, the particle displace-
ments in the plane perpendicular to the borehole, when viewed together, are aligned
along two mutually perpendicular directions which are parallel to the polarizations of
the q5-waves (Figure 32). The quasi-tube and quasi-pseudo-Rayleigh waves show no
obvious alignment with respect to the q5-waves (Figures 33 and 34). The anisotropy
makes the displacements for each wave truly different from those that would exist if
the solid were isotropic or transversely isotropic with its symmetry axis parallel to
the borehole. However, these changes are so small that they are not discernible in
Figures 29, 30, 31, 32, 33, and 34, and consequently a valid generalization is that
the displacements are very similar to those which exist when the medium is isotropic
or transversely isotropic with its symmetry axis parallel to the borehole.
Orthorhombic Model
For the orthorhombic model (Table 6) only one orientation of the borehole was studied:
the borehole is parallel to the intersection of two symmetry planes. The phase velocities
of the two q5-waves which propagate parallel to the borehole are 2.67 km/s and 2.95
km/s (Figure 35a), and their polarizations are mutually perpendicular (Figure 35b).
66 Ellefsen et al.
The phase and group velocities of the normal modes (Figures 36, 37, 38, and 37)
are like those in the transversely isotropic models when the symmetry axis is tilted
with respect to the borehole. The phase and group velocities do not exceed 2.67 km/s,
the phase velocity of the slow qS-wave whose wavenumber vector is parallel to the
borehole. The two quasi-flexural waves have different phase and group velocities, and
the differences are large at low frequencies but small at high frequencies (Figures 40
and 42). The two quasi-screw waves behave similarly (Figures 41 and 42). Near the
limiting q5-wave velocity, the difference between the phase velocities of the quasi-
flexural waves is greater than that for the quasi-screw waves.
The displacements are also like those in the transversely isotropic models when
the symmetry axis is tilted with respect to the borehole. (For this reason, they are
not plotted.) For the slow quasi-flexural wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned with the polarizations
of the slow qS-wave whose wavenumber vector is parallel to the borehole. For the
fast quasi-flexural wave, the particle displacements in the plane perpendicular to the
borehole, when viewed together, are aligned with the polarization of the fast q5-wave.
For the slow quasi-screw wave, the particle displacements in the plane perpendicular
to the borehole, when viewed together, are aligned along two mutually perpendicular
directions which are rotated 45° with respect to the polarizations of the slow and
fast qS-waves. For the fast quasi-screw wave, the particle displacements in the plane
perpendicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of the two q5-waves.
Due to the anisotropy the displacements are different from those that would exist if
the solid were isotropic or transversely isotropic with its symmetry axis parallel to the
borehole, but the differences are small.
Discussion of the Results
The differences in the phase and group velocities of the quasi-flexural and quasi-screw
waves are correlated with the differences between the phase velocities of the qS-waves
whose wavenumber vectors are parallel to the axis of the borehole. This result sug-
gests that phase velocity surface can be used to predict the relative differences in the
velocities of these two modes. For example, when the velocity surface shows that the
differences between the two qS-waves are zero, the quasi-flexural waves will have the
same phase and group velocities. When the surface shows a large difference, the two
quasi-flexural waves will have a correspondingly large difference in their phase and
group velocities. Using this property, the general behavior of the normal modes for
virtually any model can be readily predicted.
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SUMMARY AND CONCLUSIONS
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A variational method was developed to calculate wavenumbers, pressures, and displace-
ments for normal modes propagating along a fluid-filled borehole in an anisotropic
medium. The implementation uses an analytical expression, exp (,kzz), to describe
wave propagation along the borehole and finite element expressions to describe propa-
gation in the plane perpendicular to the borehole. This approach has two advantages:
it reduces the size of the problem to the extent that current computers can perform the
calculations, and it allows the modes to be expressed in the frequency-wavenumber do-
main where their modal behavior can be studied. For isotropic models, the phase and
group velocities, pressures, and displacements calculated with this variational method
matched exact solutions.
The investigation of the behavior of the normal modes in anisotropic models was
limited to two cases: a transversely isotropic model for which the borehole had several
different orientations with respect to the symmetry axis and an orthorhombic model
for which the borehole was parallel to the intersection of two symmetry planes. These
two cases were chosen because they adequately represent many logging situations. For
these anisotropic models the phase and group velocities calculated with the variational
method match those calculated with a completely independent method based upon
perturbation theory.
The normal modes in these anisotropic models show several significant effects which
do not exist when the solid is isotropic o~ transversely isotropic with its symmetry axis
parallel to the borehole:
1. The phase velocities for the quasi-pseudo-Rayleigh, both quasi-flexural, and both
quasi-screw waves do not exceed the phase velocity of the slowest qS-wave. (The
phase velocities of the leaky modes, which were not investigated in this paper,
will exceed this threshold.)
2. The two quasi-flexural waves have different phase and group velocities; the dif-
ferences are greatest at low frequencies and diminish as the frequency increases.
The two quasi-screw waves behave similarly.
3. The greater the difference between the the phase velocities of the qS-waves, the
greater the difference between the phase velocities of the quasi-flexural waves at
all frequencies. The two quasi-screw waves behave similarly.
4. Near the limiting qS-wave velocity, the difference between the phase velocities for
the two quasi-flexural waves is greater than that for the two quasi-screw waves.
5. For the slow quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
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of the slow qS-wave.
6. For the fast quasi-flexural wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned with the polarization
of the fast qS-wave.
7. For the slow quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are rotated 45° with respect to the polarizations
of both qS-waves.
8. For the fast quasi-screw wave, the particle displacements in the plane perpen-
dicular to the borehole, when viewed together, are aligned along two mutually
perpendicular directions which are parallel with the polarizations of both qS-
waves.
(
(In this list, the qS-waves refer to the plane waves whose wavenumber vectors are
parallel to the borehole.) Despite these significant effects, the general characteristics of
the phase velocities, group velocities, and displacements are similar (but not identical)
to those that would exist if the solid were isotropic or transversely isotropic with its
symmetry axis parallel to the borehole. This result is expected because the solid is
only slightly anisotropic.
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Region Meaning Variable
fluid volume Vi.
density PI
incompressibility .xl
velocity potential 1>
dilatation 0
solid volume Vz
density pz
stiffness matrix C
strain vector E
fluid-solid surface L;
interface normal vector n
normal displacement UN
general cylindrical coordinates r, 0, Z
Cartesian coordinates X',y, z
displacement u
time t
wavenumber for z direction kz
frequency w
phase velocity v
group velocity Ua
pressure p
borehole radius R
surface area S
volume V
Lagrangian energy L
71
Table 1: Variables needed to formulate the variational equations and other miscella-
neous variables.
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Region Meaning Variable
fluid interpolating functions hlm)(x,y) or h(m)(x,y)
(element m) velocity potential at nodes <f>lm)(k" t) or <T>(m)(k" t)
stiffness matrices K(m) K(m)OF' 2F
mass matrix M~m)
fluid velocity potential <T>(k"t)
(all elements) stiffness matrices KOF, K 2F
mass matrix MF
solid interpolating functions hln)(x,y) or H(n)(x,y)
(element n) strain matrix for x and y directions B~n)(x,y)
strain matrix for z directions B\n)(x,y)
displacement at nodes Ui:)(k" t), Ui~n)(k"t),
Ui~n)(k"t) or u(n)(k" t)
stiffness matrices K(n) K(n) K(n)os' 18' 28
mass matrix M~n)
solid displacement U(k" t)
(all elements) stiffness matrices Kos, KIs, K 2s
mass matrix Ms
fluid-solid distance along L: I
interface angle between nand L: at node i e~q)
•
(element q) interpolating functions h};l(l)
interpolating matrix for fluid h}q) (I)
interpolating matrix for solid H}q) (I)
coupling matrix F(q)
fluid-solid coupling matrix F
interface
(all elements)
general number of fluid elements M
number of solid elements N
number of interface elements Q
vector and matrices in wave equation Y, V, A o, AI,
A 2 , Ab, D I , D 2
Table 2: Additional variables needed for the flnite element solution to the variational
equation.
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Quantity Value
C11 3.79 X 10'0 Pa
C44 1.51 X 10'0 Pa
P2 2140 kg/m3
.\, 0.225 X 1010 Pa
P1 1000. kg/m3
R 0.1016 m
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Table 3: Properties of the isotropic model with a fast formation. The properties of the
solid are like those for the Berea sandstone (Thomsen, 1986).
Quantity Value
C11 0.998 X lO lU Pa
C44 0.117 X 1010 Pa
P2 2250kg/m3
.\, 0.225 X 1010 Pa
P1 1000. kg/m3
R 0.1016 m
Table 4: Properties of the isotropic model with a slow formation.
Quantity Value
C11 7.23 X 10'0 Pa
C13 2.06 X 10'0 Pa
C33 6.50 X 10'0 Pa
C44 2.21 X 1010 Pa
e66 2.51 X 10'0 Pa
P2 2500 kg/m3
.\, 0.225 X 1010 Pa
P1 1000. kg/m3
R 0.1016 m
Table 5: Properties of the transversely isotropic model. For this list of elastic constants,
the symmetry axis is parallel to the z axis. The properties of the solid are like those
for the Mesaverde shale (5496.5) (Thomsen, 1986).
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Quantity Value
C11 9.78 X 101u Pa
C12 1.95 X 1010 Pa
C13 3.23 X 1010 Pa
C22 9.09 X 1010 Pa
C23 1.86 X 1010 Pa
C33 8.17 X 1010 Pa
C44 2.44 X 1010 Pa
C55 2.00 X 1010 Pa
C66 3.18 X 1010 Pa
P2 2800 kg/m3
)'1 0.225 X 1010 Pa
P1 1000. kg/m3
R 0.1016 m
I
Table 6: Properties of the orthorhombic model. The symmetry planes for the or-
thorhombic solid are parallel to the coordinate planes. The properties of the solid
were measured by J. Mendelson (1989, oral communication).
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Figure 1: Cutaway view o£ the mathematical model.
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Figure 2: Finite element mesh. The location of the fluid-solid interface is shown by the
dark line. The outermost elements actually extend to infinity which is symbolized
by the dashed line.
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Figure 3: A two-dimensional element with nine nodes. This type of element is used in
the fluid and solid regions.
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Figure 4: A two-dimensional element with six nodes. This type of element is used only
in the center of the mesh.
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Figure 5: An interface element. This element has three nodes, and distances along the
element are specified by I.
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Figure 6: Accuracy of the phase velocities calculated with the variational method. The
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Figure 7: Accuracy of the group velocities calculated with the variational method. The
model has an isotropic, fast formation (Table 3).
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Figure 9: Accuracy of the group velocities calculated with the variational method. The
model has an isotropic, slow formation (Table 4).
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Figure 12: Accuracy of the pressures for the tube calculated with the variational
method. The model has an isotropic, slow formation (Table 4).
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Figure 14: (a) Phase velocity surfaces and (b) polarizations for the q5-waves in the
transversely isotropic model (Table 5). Axis a is parallel to the symmetry axis, and
axis b is perpendicular to a and in an arbitrary direction.
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Figure 16: Group velocities for the normal modes in the transversely isotropic model
(Table 5) when the symmetry axis is parallel to the borehole.
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Figure 17: Phase velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 20· with respect to the borehole. See
also Figure 18.
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Figure 18: Phase velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 20· with respect to the borehole. See
also Figure 17.
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Figure 19: Group velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 20° with respect to the borehole. See
also Figure 20.
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Figure 20: Group velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 20° with respect to the borehole. See
also Figure 19.
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Figure 21: Phase velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 90° with respect to the borehole. See
also Figure 22.
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Figure 22: Phase velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 900 with respect to the borehole. See
also Figure 21.
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Figure 23: Group velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 90° with respect to the borehole. See
also Figure 24.
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Figure 24: Group velocities of the normal modes in the transversely isotropic model
(Table 5) when its symmetry axis is tilted 90° with respect to the borehole. See
also Figure 23.
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Figure 25: Differences between the phase velocities of the quasi·flexural waves (Fig-
ure 17 and 18) in the transversely isotropic model (Table 5) when its symmetry
axis is tilted 20° with respect to the borehole. (When differences less than about
0.001 km/s become inaccurate, they are not plotted.)
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Figure 26: Differences between the group velocities of the quasi-flexural waves (Fig-
ure 19 and 20) in the transversely isotropic model (Table 5) when its symmetry
axis is tilted 20° with respect to the borehole. (When differences less than about
0.001 km/s become inaccurate, they are not plotted.)
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Figure 27: Differences between the phase velocitiesof the quasi-flexural waves and
quasi-screw waves (Figure 21 and 22) in the transversely isotropic model (Table 5)
when its symmetry axis is tilted 90° with respect to the borehole. (When differences
less than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 28: Differences between the group velocities of the quasi-flexural waves and
quasi-screw waves (Figure 23 and 24) in the transversely isotropic model (Table 5)
when its symmetry axis is tilted 90° with respect to the borehole. (When differences
less than about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 29: Particle displacements in the r, 0, and z directions for the slow quasi·
flexural wave (# 1) at the borehole wall (in the solid and over one wavelength).
These displacements were computed for the transversely isotropic model (Table 5)
whose symmetry axis is tilted 20°.
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Figure 30; Particle displacements in the r, e, and z directions for the fast quasi-
flexural wave (# 2) at the borehole wall (in the solid and over one wavelength).
These displacements were computed for the transversely isotropic model (Table 5)
whose symmetry axis is tilted 20°.
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Figure 31: Particle displacements in the r, e, and z directions for the slow quasi-screw
wave (# 1) at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 5) whose
symmetry axis is tilted 20°.
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Figure 32: Particle displacements in the r, IJ, and z directions for the fast quasi-screw
wave (# 2) at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 5) whose
symmetry axis is tilted 20°.
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Figure 33: Particle displacements in the r, e, and z directions for the quasi-tube wave
at the borehole wall (in the solid and over one wavelength). These displacements
were computed for the transversely isotropic model (Table 5) whose symmetry axis
is tilted 20°.
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Figure 34: Particle displacements in the r, 0, and z directions for the quasi-pseudo-
Rayleigh wave at the borehole wall (in the solid and over one wavelength). These
displacements were computed for the transversely isotropic model (Table 5) whose
symmetry axis is tilted 20°.
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Figure 35: (a) Phase velocity surfaces and (b) polarizations for the qS-waves in the
y-z symmetry plane of the orthorhombic model (Table 6).
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Figure 36: Phase velocities of the normal modes in the orthorhombic model (Table 6).
See also Figure 37.
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Figure 37: Phase velocities of the normal modes in the orthorhombic model (Table 6).
See also Figure 36.
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Figure 38: Group velocities of the normal modes in the orthorhombic model (Table 6).
See also Figure 39.
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Figure 39: Group velocities of the normal modes in the orthorhombic model (Table 6).
See also Figure 38.
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Figure 40: Differences between the phase velocities of the quasi-flexural waves (Fig-
ure 36 and 37) in the orthorhombic model (Table 6). (When differences less than
about 0.001 km/s become inaccurate, they are not plotted.)
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Figure 41: Differences between the phase velocities of the quasi-screw waves (Figure 36
and 37) in the orthorhombic model (Table 6). (When differences less than about
0.001 km/s become inaccurate, they are not plotted.)
(116 Ellefsen et al.
(
(
Q-SCREW
WAVES
Q-FLEXURAL
WAVES
0.1
-(/)
E
z::'"
-C/)
C/) ll.J 0.01ll.J-
<.:>1-
z<.:>
ll.JO
a::...J
ll.Jll.J
u..>!:!: Cl. 0.001
0::::::>
o
a::
<!}
5 10
FREQUENCY (kHz)
15
- PERTURBATION SOLUTION
o VARIATIONAL SOLUTION
Figure 42: Differences between the group velocities of the quasi-flexural waves and
quasi-screw waves (Figure 38 and 39) in the orthorhombic model (Table 6). (When
differences less than about 0.001 km/s become inaccurate, they are not plotted.)
